Variational principles and eigenvalue estimates
for unbounded block operator matrices and
applications

Margarita Kraus, Matthias Langer, and Christiane Tretter*
May 19, 2003

Abstract

In this paper we establish variational principles, eigenvalue estimates
and asymptotic formulae for eigenvalues of three different classes of un-
bounded block operator matrices. The results allow to characterise eigen-
values that are not necessarily located at the boundary of the spectrum.
Applications to an example from magnetohydrodynamics and to Dirac
operators on certain manifolds are given.
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1 Introduction

For self-adjoint operators variational principles are often used to derive eigen-
value estimates and to compare eigenvalues of different operators (see, e.g., [17],
[20]). The standard variational principle however is limited to semi-bounded
operators and to eigenvalues that are located at the boundary of the spectrum.

In this paper we establish variational principles for various classes of un-
bounded self-adjoint block operator matrices of the form

(i b)

Such operators often arise in mathematical physics when coupled systems of
(ordinary or partial) differential equations have to be studied. In these appli-
cations the entries of the corresponding block operator matrix are differential
operators of different orders.

We consider three cases, the so-called “top dominant”, the “diagonal domi-
nant”, and the “off-diagonal dominant” case depending on the position of the
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operators with smallest domain. In the case of differential operators the dom-
inating operators are those with the highest order. Examples for top domi-
nant block operator matrices occur in magnetohydrodynamics or astrophysics,
examples for the off-diagonal case appear in quantum mechanics (e.g., Dirac
operators).

The variational principles we establish use the so-called Schur complement
associated with the given block operator matrix, which is formally given by
A —X—B(D — \)"'B* for )\ in the resolvent set of D. The main problem
when considering unbounded block operators is that this Schur complement is a
priori not defined as an operator and has to be introduced via quadratic forms.
Moreover, the relation between the spectrum of the block operator matrix and
its Schur complement needs special consideration in some cases.

The paper is organised as follows: In Section 2 we establish the opera-
tor setting for the top dominant, the diagonal dominant, and the off-diagonal
dominant case and we introduce the Schur complement by means of quadratic
forms. In Section 3 we prove two kinds of variational principles for eigenvalues
to the right of the spectrum of D, one in terms of the Rayleigh functional as-
sociated with the numerical range and one in terms of a functional associated
with the quadratic numerical range. The latter enables us in Section 4 to derive
upper and lower estimates and detailed asymptotic formulae for eigenvalues of
block operator matrices. These estimates allow to compare the eigenvalues of
the block operator matrix in the top dominant case with the eigenvalues of A
and in the off-diagonal dominant case with the eigenvalues of BB*. In Sub-
section 4.1 we apply these results to an example from magnetohydrodynamics
which arises when studying a plane equilibrium layer of an ideal magnetised
gravitating plasma bounded by rigid perfectly conducting planes. In Subsec-
tion 4.2 we present an application to Dirac operators on closed Riemannian
spin manifolds with a warped product metric.

2 Block operator matrices and Schur comple-
ments

Let H;, Hs be Hilbert spaces. We consider block operator matrices of the form

Ao = (1’34* g) (2.1)

in the space H := H;BH,. Throughout this paper we suppose that the following
general assumptions are satisfied:

(i) A, D are self-adjoint operators in the Hilbert spaces Hy, Hs, respectively.
(ii) B is a densely defined closed linear operator from Ha to H;.
(iii) A is bounded from below, D is bounded from above with max o (D) =: d.

The domains of the operators A, B, and D are denoted by D(A), D(B), and
D(D), respectively. The natural domain of Aq is then given by

D(Ag) = (D(A) N D(B*)) @ (D(B) N D(D)).



We consider three cases depending on the position of the operators with
smallest domain, the so-called “top dominant”, “diagonal dominant”, and “off-
diagonal dominant” case. More exactly, we assume

I. for the top dominant case:

(T1) D(JA|'/?) € D(B7),
(T2) D(B) € D(D) and D(B) is a core of D;

II. for the diagonal dominant case:

(D1) D(|A]'/?) € D(B*),
(D2) D(|D|'/?) € D(B);

III. for the off-diagonal dominant case:

(0O1) A and D are bounded.

Remark 2.1. The assumption D(|A|'/2) C D(B*) implies that B* is A-bounded
with A-bound 0, and analogously for B and D.

Proof. The assertion follows from the facts that D(|A|'/?) ¢ D(B*) implies that
B* is |A|'/2-bounded and that |A|'/? is A-bounded with A-bound 0. O

As a consequence of the different assumptions on the domains of the entries
of Ag, the domain of A is given by

D(A) @ D(B) in casel,
D(Ag) =< D(A)®D(D) in case II,
D(B*) ® D(B) in case IIL

In any case A is densely defined and closable, and we denote its closure by A.
In fact, in cases II and III the operator A is self-adjoint in H and hence
Ag = A. In case III this is obvious, in case II this follows from the fact that

0 BY. (A O . .
(B* O) is (O D) -bounded with relative bound 0.

In case I the operator Ay is essentially self-adjoint. Its closure is given by
(cf. [2, Section 4.2], and also [1])

D(A) = {(;) €H:yeDD),z+(A—v) Byec D(A)},

A(;) _ <A(x+%?Dquy)7

where v < mino(A), and (A —v)~1B denotes the closure of the bounded op-
erator (A — )71 B; here it follows from the boundedness of B*(A — v)~! that
(A —v)~1B is bounded.

Together with a block operator matrix (2.1) one usually associates the so-
called Schur complements, the first of which is formally given by

SA\)=A-X—-B(D-)\"'B*, )ep(D).



However, it may happen that the operator S(A) is not densely defined. To
overcome this difficulty, we consider the closure a of the quadratic form (Az, z),
which has domain D(|A|'/?) and satisfies a[z,y] = (Ax,y), a[z] = (Az,x) for
z € D(A), y € D(|A|*/?). Similarly, let ? be the closure of the quadratic form
(Dz,z) with domain D(|D|*/?). Furthermore, set

Dy = D(|A[V?) N D(B*), Dy :=D(ID['/?). (2:2)

Note that D; = D(]A['/2) in cases I and II and that D; = D(B*) in case IIL
In all three cases we have D(A) C Dy @ D4 (in case I this has been shown in [2,
Section 4.2]).

Now we can define a quadratic form s(A) for Re A > d by

E(A)[I,y] = ﬂ[l’,y] - )‘(zvy) - ((D - >‘)71B*1%B*y)7 T,y € Dl-

For the following, we recall that the spectrum of an operator function 7" on
a domain U C C is defined by o(T) := {A € U: 0 € o(T(\))}. The point
spectrum op,(7") and the essential spectrum oess(1") are defined similarly, e.g.,
Oess(T) := {X € U: T()) is not Fredholm}. For the definition of holomorphic
families of operators of type (B) we refer the reader to [7, VII-§4.2].

Proposition 2.2. In all three cases 1, I1, and III the quadratic form s(\) is
closed and sectorial for Re A > d with domain D1 independent of A and hence
5(A) defines a sectorial operator S(\). The domain of S(X\) is given by

D(S(N)) = {x e D(AY?): 2 — (A—0)1B(D — \) "Bz ¢ D(A)} in case 1,
D(S(A)) = D(A) in case 11, and
D(S(N) = {z € D(B*): (D — \)"'B*x € D(B)} in case I1L (2.3)

The operator function S is holomorphic of type (B) on U := {\ € C: Re A > d},
and the spectra and point spectra of S and A coincide there, i.e.,

oc(A)NU =a(S)NT, (2.4)
op(A)NU =0o,(S)NU. (2.5)

Proof. First we show that s()) is closed and sectorial with domain D;. The form
a is closed and sectorial with domain D(a) = D(|A|*/?), the form t; defined by
(A — D)~'B*x, B*x) is closable and sectorial on D(B*), and for its closure t
we have D(t) D D(B*). Hence the sum s(\) = a + t is closed and sectorial on
D(a) N D(t) (see [7, Theorem VI.1.27] and [7, Theorem VI.1.31]). In case I and
case IT we have D(a) = D(|A|*/?) € D(B*) C D(t) and thus D(a) N D(t) =
D(|A|Y/?) = D;. In case IIT we have D(a) = H; and D(t) = D(ty) since D is
bounded and Re A > d, whence D(a) N D(t) = D(B*) = D;.

In case I all remaining assertions of the proposition were proved in [2, Propo-
sition 4.4]. In case II, according to Remark 2.1, assumption (D1) implies that
B* is A-bounded with A-bound 0 and (D2) implies that B(D—\)~! is bounded.
Hence B(D — \)~!B* is A-bounded with A-bound less than 1, and so S()) is
m-sectorial with domain D(A) and self-adjoint for real A. The assertion about
the spectra follows from the Schur factorisation

<AB_*A DBi )\> - (é B(D;A)_1> (SE)A) D(l)\) <(D—){)—1B* ?)



where the first and the last matrix on the right-hand side are bounded and
boundedly invertible (which is not true for the other two cases).

It remains to consider case III. First we prove (2.3). Let x be in the set on
the right-hand side of (2.3). Then for every y € D(B*) we have

(A= D) 'B*z, B*y) = (B(A— D) 'B*z,y).

According to [7, Theorem VI.2.1 iii)], this implies that z is in the domain of
the sectorial operator induced by the form ((A\ — D)~!B*z, B*x), and hence
x € D(S(X)). To show the converse inclusion let z € D(S(N)) C D(s(N)) = Dy.
Then z € D(B*) and the form s(\)[z,y] = (A= N)z,y) + ((D — \) "' B*z, B*y)
is bounded in y, which implies that (D — \)~!B*x € D(B).
The solutions of the equation (A — ) (}) = (1), ie.,
Bz + (D—-MNy=0,

with z € D(B*), y € D(B) and arbitrary f € H; are in one-to-one correspon-
dence to the solutions of S(A\)z = f, i.e.,

(A=Nz—B(D—-\)"'Bz=f

with z € D(S(N)) via the relation y = —(D — \)~!B*x. This implies (2.5) and
the inclusion “O” in (2.4). In order to show the reverse inclusion in (2.4), let
A€ p(S)NU. We may assume that A is real since A is self-adjoint. It is not
difficult to see that on the set H; x D(B(D — \)~! the inverse R(\) of A — \ is
given by

SO ~S(\)IB(D - A)!
(—(D “ MBS (D= AL (D= A\)IBFS(A\)IB(D — )\)—1> :

As H; x D(B(D — A\)71) is dense in 3; x Hy, it remains to be shown that
R(\) is bounded. Since |S(\)|'/? has domain D(s(\)) = D(B*), the operator
(D — X)"'B*|S(\)|~'/2 is everywhere defined and closed, hence bounded. This
implies that also |S(\)|~Y/2B(D — A\)~! is bounded, and therefore

(D—-=XN"'B*S\)"'B(D -\t
= (D= N)7'BHS(N)[2sign(S(A)THIS(A)|TV2B(D — A)

is bounded. In a similar way it is shown that the off-diagonal elements of the
resolvent are bounded. So A € p(A) and equality (2.4) is proved. O

3 Variational principles

In this section we shall characterise eigenvalues of A to the right of d:=max (D)
by variational principles based on the Rayleigh functional induced by the nu-
merical range and on the functional A; induced by the quadratic numerical
range of A (for the notion of quadratic numerical range see [12] and [11]).

However, the quadratic form corresponding to the operator A which defines
the Rayleigh functional need not be closable. Therefore we consider

Q[[(Zj)] = alz] + (B*z,y) + (y, B*x) + 0[y]



for z € Dy and y € Dy (for the definition of Dy and Dy see (2.2)). Further we
define the functional Ay by

N (el o] . [fald oW\ . (Bray)P
A*<y) =3 |x||2+||y||2+\/<||x|2 ||y|2) MR 81)

forz € D,y € Dy, z,y # 0. Note that A1 (}) is the larger of the two eigenvalues
of the 2 x 2 matrix

az] (y, B*x)
B [|]|? 2|2 [lyl|?
T,y «
(B*x,y) [y]
22 [lyl|? vl

In the following theorem we characterise eigenvalues below the part of the
essential spectrum that is to the right of d, that is, eigenvalues between d and

Ae = min (0ess(A) N (d, 00)). (3.2)
To this end we define
(A i==dimL(_w0)(S(N), A€ p(D)NR,

where L (_ 0)(S())) denotes the spectral subspace of S()) corresponding to the
interval (—o0,0). Hence x_(A), if it is finite, denotes the number of negative
eigenvalues of the Schur complement S(A). By means of continuity arguments,
it can be shown that x_()\) is constant on each real interval of the resolvent
set p(S) of S (see [2]). In the following L always denotes a finite-dimensional
subspace of Hj.

Theorem 3.1. Assume that there exists a v € (d,00) such that £_(y) < 0.
Then there ezists an o > d so that (d,a) C p(A). Set k := rk_(a), which is
a finite number, and let Ay < Ao < --- < An, N € Ng U {oo}, be the finite or
infinite sequence of the eigenvalues of A in the interval (d, Ae), counted according
to their multiplicities. Then we have

. x . X
Ap = min max max A\j =  max inf max Ay (3.3)
LCDy zel yeDgy y LCTHy xz€Dy,xz#0 yeDy y
dim L=r+n x#0 y#£0 dim L=k4+n—-1 zlL y#0

%[()]

= min max max 5 = ma inf max 5 (3.4)
am ok 1% =2 ()] aim £ Cn PSP vE ()]
form=1,2,... N. If y,, denotes any of the four expressions
. x ) x
e o) st me ()
dim L=m x#0 y#0 dim L —m—1 xlL y#0 (3 5)
A[(;)] . A[()] ‘
Anfmax sup ooy sup o dnf ) sup eote
dim L=m a0 VEP2 H(y)” dinfLC:};ll—lu eln vEP2 ||(y)||
then
d if m=1,2,... Kk,
= 3.6
fim {)\e if m>r+ N+ (36)



Note that in (3.3) the conditions z # 0 and y # 0 can be replaced by ||z|| =1
and ||y|]| = 1, respectively, and in (3.4) the variation over y can be restricted to

vectors with || (2) | =1.
The first equality in (3.3) was proved in [10] under weaker assumptions; the
first equality in (3.4) was proved in [3] and [5] under different assumptions.

Remark 3.2. If at least one p,, is greater than d, then there exists a v > d such
that k_(v) is finite (i.e., the assumption of Theorem 3.1 is satisfied).

Vice versa, if, as in Theorem 3.1, there exists a v > d so that k_ () is finite,
and dim H; > k, then at least one p,, is greater than d.

It should be noted that in general the index shift x is not easy to calculate
directly from its definition. Another way to determine it is the formula

k =max {m € N: u,, = d}. (3.7)

The proofs of Theorem 3.1 and of Remark 3.2 will be given at the end of
this section. First we need some lemmata.

Lemma 3.3. If A € p(D), x € Dy, x # 0, then for y := —(D — \)"!B*x,
2A[()] s(V)[a]
=A+ .
1) 1)

Proof. For & € Dy, z # 0, and y := —(D — \)~!B*z we have

JBIRw]

= (a=Nz] = (B*z,(D -~ \)~'B*x)

—((D—=X\)"'B*z,B*z) + (B*z,(D — \) "' B*x)
=s(A)[z]. O

Note that if A € p(D) is an eigenvalue of A, then any corresponding eigen-
vector is of the form (—(D—Az)—lB*w) where x € D, is an eigenvector of S at A,

ie, S(\)z =0.

For each x € D; we have

d — * *
5Vl = —lel* = (D =N 7Bz, B*x) < — =], (3-8)
hence s(-)[x] is a strictly decreasing function and limy_, 1 §(N\)[z] = —o0 for

x # 0.
Lemma 3.4. If x € Dy, x #0, and u > d is such that s(u)[z] <0, then

alti] <A+<z> <p, YDy y#0.

(]

Proof. The first inequality follows from
AE)] _ ala] + (B'w.y) + (y, B'x) +2ly]

1OF e+ Tl
A, (11, (I m
Lefle.



since A4 (5) is the maximum of the numerical range of the 2 x 2 matrix A ;.

For the proof of the second inequality assume first that y € D(D), y # 0.
Since A} = )\+( ) is an eigenvalue of the matrix A, ,, we have det(A, , — ;) =
0 or, equlvalently7

(a— A ((D = A)y.y) = |(B*z,y)|". (3.9)

If A1 < d, then the assertion is obvious. If Ay > d, then the right-hand side of
(3.9) can be estimated by the Cauchy—Schwarz inequality with respect to the
inner product (A4 —D)7'-,-):

(B2, )" = | (( A+— )" Bz, (A4 — D)y)’
< ((\+ IB*ZE B*z)((A+—=D) " (A —D)y, (A —D)y)
= ((A\+ = D)"'B*z,B*z) ((\+ — D)y,y). (3.10)

Hence
~(a—Ap)la] < (A — D) B, Bx),

which is equivalent to s(A;)[z] > 0. On the other hand, s(u)[z] < 0 and s(-)[z]
is decreasing (see (3.8)), and thus Ay < p. Since )\+( ) is continuous in y with
respect to the graph norm of D, the inequality holds albo for y € Do. O

Since s(+)[z] is strictly decreasing on (d, 00) for « € Dy, x # 0, there exists
at most one zero in this interval. If such a zero exists, we denote it by p(x),
otherwise we set p(z) := —oo. The functional p is called generalised Rayleigh
functional for the operator function S.

Lemma 3.5. If for x € Dy, © # 0, the function s(-)[x] has a zero p(z) in
(d,00), then

SN (1)
o= () - s Y

Proof. The inequalities “>” (with sup instead of max) are a consequence of

G

Lemma 3.4 with 4 = p(z) and of the fact that for y = 0 we have W =
8zl < p(x). Together with Lemma 3.3 it follows that

=1

p(x) =

Ql[(—(D—)\w)—lB*x)] _ < x >
= — A\ _ _ * )
1Cpssp)l’ (D=A)~1B

where the second equality only holds if B*x # 0. It remains to be shown that
the first maximum in (3.11) is also attained if B*z = 0; indeed, in this case
s(\)[z] = a[z] — M||z||? and hence

o o

for every y € Do, y # 0. O



Proof of Theorem 3.1. The facts that S is a holomorphic operator function of
type (B), that s(-)[z] is decreasing for € Dy and that there exists a v > d
with x_(y) < oo imply that all assumptions of [2, Theorem 2.1] are satisfied for
the operator function S on the interval (d,c0) (cf. also [2, Proposition 2.13]).
Now Theorem 2.1 in [2] implies the existence of an interval (d,a) C p(A), that
Ae > d (cf. [2, Lemma 2.9]), and that with the generalised Rayleigh functional
p defined as above we have

A, = min max p(z) = max inf x
" LCDq zeLl p( ) LCHy z€Dy, z#0 p( )
dim L=k+n z#0 dim L=r+n—1 1L

forn=1,2,...,N and

inf max p(x) = su inf )=\
LCDy zel p( ) LCJIC)1 z€Dy, x#0 p( ) N
dim L=m x#0 dim L=m—1 xl L

for m > k 4+ N + 1. Now the relations (3.3) and (3.4) and the second line in
(3.6) follow from Lemma 3.5.

Finally, we prove that u,, = d for m < k if u,, denotes either the first or
the third expression in (3.5); the other two cases are similar. Let p € (d, @)
be arbitrary. Since k_(\) = & for all A € (d, a), there exists a subspace L C
L(—o0,0)(S(1)) with dimL = m < k. For z € L, = # 0, we have s(u)[z] < 0,

and hence % <At (z) < pforally € Dy, y # 0, by Lemma 3.4. Since p > d

was arbitrary, this proves u,, < d. In order to show that u,, > d, let z € Dy,
x # 0, be arbitrary. Then, for every € > 0 we can choose a y € Da, ||y|| = 1,
so that d[y] > d — e. According to (3.1) we have A} (5) > 0ly] > d — ¢ and for

t € R large enough also il([;(v%‘?l > d —e. Hence pi, > d—e. O

Proof of Remark 3.2. In order to prove the first claim, assume that there exists
an m € N such that u,, > d, where p,, denotes the first expression in (3.5); the
other cases are again similar. We have to show that there exists a v > d with
k—(7y) < oo. This is clear if dim H; < oco. Otherwise, suppose that x_(u) = oo
for all 11 > d. Then for every p > d there exists a subspace £ C L(_oo,0)(S(11))
with dim L = m. From Lemma 3.4 it follows that A, (I) < u for every x € L,
y € Do, x,y # 0. This implies that pu,, < p for all g > d, and hence p,, < d,
a contradiction. The second claim is an immediate consequence of (3.3) and
(3.4). O

4 Eigenvalue estimates and applications

In this section we shall use the variational principle established in the previous
section in order to derive upper and lower estimates for eigenvalues of A and
apply these estimates to an operator from magnetohydrodynamics in the first
subsection and to Dirac operators on certain manifolds in the second subsection.

In any of the cases I, I1, or III the following first lower estimate for eigenvalues
An of A is an immediate consequence of Theorem 3.1.

Corollary 4.1. If the diagonal element A of A has eigenvalues v1(A) < vy(A)
<o <wpy(A4), M e NoU{oo}, below its essential spectrum, counted according



to their multiplicities, then

vn(A) < d, n=12...,K,

Un(A) <Ay, n=rk+1,6+2,...,min{x+ N, M}.
Proof. This follows directly from (3.3), the inequality (Az,z)/|z]|* < At (”y”),
and the standard variational principle for self-adjoint operators, which implies
that v, (A) < g, form=1,2,... M. O

4.1 The top dominant case

In this subsection we assume that A is in the top dominant case, i.e., the basic
assumptions (i)—(iii) and in addition (T1), (T2) are satisfied. It follows from
(T1) that there exist constants a,b > 0 such that

1B*z|* < allz|® + balz], € D(AI'/?). (4.1)

The following theorem provides estimates for the eigenvalues \,, of A from above
in terms of eigenvalues of the diagonal entry A of Ag. If D is bounded, then we
can prove also estimates from below. Let a’ € R, ¥’ > 0 be such that

1B*z|* > d'||z|* + Valz], =€ D(A[?). (4.2)

Theorem 4.2. Let a,b > 0 be such that (4.1) holds, and assume that there
exists a v > d with K_(y) < 00. Define Ae as in (3.2) and k as in Theorem 3.1,
and let Ay < Ao < -+ < Ay, N € Ny U {0}, be the eigenvalues of A in the
interval (d, Ao). Moreover, let v1(A) < vy(A) < -+ < wpy(A), M € Ny U {oo},
be the eigenvalues of A below 0ess(A), and set vi(A) := min oess(A4) for k > M.
Then, form=1,...,N,

Vitn(A) +d + \/(Vm-&-n(A) —d
2

An <

2
< 5 ) 4 busn(A) +a. (4.3)

If D is bounded, d' :=mino (D) and o’ € R, ' > 0 are such that (4.2) holds, then

A, > Vitn (‘;) +d + \/(Vﬁn(;‘) — d/>2 + (U Vg (A) + a’)+, (4.4)

where (t)4 := max {t,0} fort € R.

Using the inequalities (4.1) and (4.2) and the fact that (4.2) implies that

1B z|* > (d/|lz]* +Valz]) ., =€ D(A?),

+3

one can prove Theorem 4.2 in a similar way as Theorem 5.1 in [10]; the details
are left to the reader.

Remark 4.3. If A has compact resolvent, then gess(A)N(d, 00) = @ and for every
~v > d we have x_(v) < co. This follows from [2, Theorem 4.5].

As a consequence of Theorem 4.2 we obtain the following asymptotic esti-
mates if v (A) — oo for k — oo:

10



Corollary 4.4. Under the assumptions of Theorem 4.2, if vp(A) — oo for
k — oo, we have

bd +a—b° 1
v (A ) 4.
An < Vi )+b+Vm+n(A)_d+O(Vﬁ+n(A>2) -
b/dl+a/_b/2 1
T e PN N 4
)\n_l/fﬁ-n( )+b + VnJrn(A)_d/ +O(Vn+n(A)2) ( 6)

Proof. Using (4.3) we obtain

A, < VK+H(A) +d + VnJrn(A) — d\/l + (bV;H»n(A) + a)<yﬁ+’ﬂ(A) — d>_2

2 2 2
_ () bd | veen(d) = d [1 § (b (4) + o (Pl D=y
- fmenta) o (=) o)

-y bvpin(A) +a _ (bVyin(A) + a)? 1
= Vetn(4) + VNJrn(A) —d (Vktn(A) — d)3 O<VH+H(A)2>
bd + a — b? 1

() —d " O(VH,L(A)z)

This proves (4.5). The proof for (4.6) is similar using the fact that (¢). >¢. O

= Vﬁ+n(‘4> +b+

Example 4.5. When studying a plane equilibrium layer of an ideal magnetised
gravitating plasma bounded by rigid perfectly conducting planes, one is lead
to a spectral problem for a system of 3 coupled differential equations. The
corresponding linear operator Ag is a (1 4+ 2) x (1 + 2) block operator matrix
given by (cf. [1, Section 5], [15, Chapter 7.3], and [16])

Py ‘Dpo(v2 +v2)D + k202 | (pg 'Dpo(v +v2) +ig)kr (py 'Dpov? +ig)ky

ki ((v2+02)D —ig) k02 + k2 v? ki kyv?
k” (’UED — ig) klk”vf k21}2

Il ™s

in the space L2 (0,1) & (L2, (0, 1))27 where L2 (0,1) denotes the L-space with
weight pg, D the differential operator _id%w po(z) the equilibrium density of the
plasma, v, () the Alfvén speed, vs(x) the sound speed, k1 (x) and k) () are the
coordinates of the wave vector k(z) with respect to the field allied orthonormal
bases, k(x) = \/k1 (x)? + kj(x)? is the length of k(7), and g is the gravitational
constant. Because the planes confining the plasma are perfectly conducting, one
has to impose Dirichlet boundary conditions for the first component at x = 0
and x = 1.

The operator Ag with domain (W22 (0, I)OW&’;} (0, 1))@ (W22(0, 1))2 satis-
fies all assumptions of the top dominant case (compare [1]) and Ay is essentially
self-adjoint. Here Wff(o, 1) and W&ﬁo (0,1) denote the Sobolev space of order
k associated with L,QJO (0,1) without and with Dirichlet boundary conditions,
respectively.

In addition, in [1] it was shown that the essential spectrum of the closure A
of Ag is given by

Tess(A) = Aar ([0, 1]) U Ak ([0, 1]),

11



i.e., the union of the ranges of the functions A,x and Ay given by the squares
of the Alfvén and mean frequencies:

av3 2

02+ 02

2.2 Vv
)\ak = 'Uak'H, )\tk =

Integration by parts shows that

1 1
aly] :/ pop1ly'[? dx+/ poqily|* d,
0 0

1 1
1By = / popaly/ | dz + / pogalyl? dz.,
0 0

where the functions p1, g1, p2, and g2 are given by

2 2 72,2
v; + 03, q1 = k"v;,

p1:
/
p2 = (vz =+ 1)82)2k2l —+ U;Lk‘ﬁ, qo 1= k292 N %(PO ((Ug + USQ)kL =+ USQkH)) .

If we set
b:= maxlg, a := max {max g2 — bmin ¢, 0}, (4.7)
P
;o s P2 r . ’
b :=min=—=, a :=mingy — b maxq, (4.8)
b1

then (4.1) and (4.2) are satisfied. For instance, (4.1) follows from

1 1
1B y? = / popaly’2 de + / pogalyl? da
0 0

1 1
Sb/ pop1|y’|2dx+/ pogzly|® dx
0 0

1 1 1
:b(/ poplly’l2dx+/ POQ1|y|2d$) +/ pO(*b‘h +q2)\y|2dx
0 0 0

< baly] + allyl*.

To calculate the constants d = maxo(D) and d’ = mino (D), we need the
spectrum of the right lower corner D of the given block operator matrix A.
The spectrum of this 2 x 2 matrix multiplication operator is the range of the
functions

kz(vi; vl \/ k(03 4+v§)2 Uit

(note that fi(z) are the eigenvalues of the matrix D for a fixed ), and hence

272
aUs

fe =

d=max fy, d =minf_. (4.9)
Theorem 4.6. The spectrum of the operator A in Example 4.5 in the interval

(max f1,00) consists of eigenvalues A1 < Ay < --- which accumulate at infin-
ity. For the eigenvalues A\, n = 1,2,..., the estimates (4.3), (4.4) and the

12



asymptotic estimates (4.5), (4.6) hold where vy, = vy(A), n=1,2,..., are the
eigenvalues of the operator

po ' Dpo(v2 + v2)D + k02

in the space Lio (0,1) with Dirichlet boundary conditions in increasing order,
the constants a, o', b, V', d, and d' are given by (4.7), (4.8), and (4.9), and K
can be calculated from (3.7). In particular, we have

v +02)2k% +olk? 1
N R— Sk +0(—),
Vi4n

2 2
Vi + Vg

K
(va +v3)*k3 + vikf 1
An > Vst + mi O( )
2 Vgtn + min 2 102 + .

4.2 The off-diagonal dominant case

In this subsection we assume that A is in the off-diagonal dominant case, i.e.,
the basic assumptions (i)—(iii) and in addition (O1) are satisfied. The following
theorem provides estimates from above and below for the eigenvalues A,, of A
in terms of eigenvalues of the operator BB*.

Theorem 4.7. Assume that there ezists a v > d such that k_(y) < oo, and
define Ao as in (3.2) and £ as in Theorem 3.1. Let \y < Ay < -+ < Ay,
N € Ny U {0}, be the eigenvalues of A in the interval (d, ;). Moreover,
let vi((BB*)'/?) < vy((BB*)Y?) < --- < vy ((BB*)Y?), M € Ny U {o0},
be the eigenvalues of (BB*)Y/? below 0ess((BB*)Y?) and set vy ((BB*)Y/?) =
min oess ((BB*)Y/?) for k> M. Then, forn=1,...,N,

. . : : 2
N> mino(A) —;—mm a(D) N \/(mm a(A) ; mlna(D)) b vin (BB9)2)2,

2
A, < maXU(A)—iZ—maXU(D) n \/(maxa(A);maXU(D)) + vein((BB*)1/2)2.

Proof. Note that the function

f(s,t) :=s+t++/(s—t)2+Db

is increasing in s and ¢ for non-negative b. Thus for x € D(B*), |z| = 1, with
B*x # 0 we have

x
()

* * * * 2
(Ax7m)+w +\/((A$7x)_(DBm,Bm)> + 4||Brx||?

1
2 1B 1B

: . . . 2
>, mnin a(A) —|2— min o (D) N \/(mma(A) ;mln J(D)> 1B 2.

13



Now || B*z]|? is the closure of the quadratic form (BB*w,z). Then the standard
variational principle for BB* implies that for every L C D(B*) with dimL =
k 4 n there exists an x, € L, ||a.|| = 1, with ||B*2.||? > veyn((BB*)Y/?)2.
Hence

. T

Ap = min max max At
LCD(B*) zEL  y€EIg Y

dim L=—r4n  llzl=1 y0

. Ly,
> min Ay
LCD(B*) B*x,

dim L=k+n

- mino(A) + mino(D) N \/(mino(A) — mino

V

> 5 5 (D)> —|—l/,.;+n((BB*)1/2)2~

To prove the second inequality let € > 0 be arbitrary. There exists an
L. C L(*OO,V,{_FH((BB*)I/z)ZJrE:](BB*) with dimL, = k +n. If x € LE, then
| B*z||> < veyn((BB*)Y/?)? 4. Using again the monotonicity of f we conclude

) x
Ap = min  max max i
LCD(B*) x€l  yediy
dim L=rtn lle=1 |y|=1

x
< max max )\+< )
zeELe y€Tg y
l=l=1 Jlyli=1
2
< max (Az,z) + maxo(D) N ((Am,x) — maxa(D)) B
el 2 2

2
< maxo(A)—;—maxa(D)+\/(maxo(A);maxo(D)>+yn+n((BB*)1/2)2+€.

Since € > 0 was arbitrary, the desired inequality follows. O

The following particular case will be needed for the example at the end of
this section.

Corollary 4.8. Suppose that Ag is of the form

(4 B
‘AO_<B* A2>7

where Ay and Ay are a strictly positive bounded operators with

a_ :=mino(A4;) = mino(As),

at :=maxo(A;) = maxo(Az).

Assume that both BB* and B* B have compact resolvents and let vy ,,((BB*)/?)
and vy, ((B*B)Y/?), n =1,2,..., be the eigenvalues of (BB*)'/? and (B*B)/?,
respectively, enumerated non-increasingly. Then

(—a—,a_)Na(A) =0 (4.10)

and the spectrum of A consists only of eigenvalues of finite algebraic multiplicity
accumulating at most at infinity. If we denote these eigenvalues by -+ < A_o <

14



A1 <0< A < X< --- ) then, forn=1,2,...,

_ 2
A\, > _ay . a_ n \/(a+ —;—af) n VLn((BB*)l/Q)Qa (4_11)
_ 2
A, < % + \/(C“r‘;“—) + n((BB*)1/2)2, (4.12)

and, forn=—-1,-2,...,

ay —a—_ ay +a_\2
> _ _ *B)1/2)2 .
A2 = \/( . ) v (BEB2, (413)
ay —a_ ar +a_\2
< _ * 3)1/2)2
M < T \/( . ) + vo,_n((B*B)U/2)2, (4.14)

Note that the assumption that both BB* and B* B have compact resolvents
cannot be simplified in general; only in the case when B has a bounded inverse,
it is equivalent to the fact that B has compact resolvent.

Proof. Since the Schur complement S(0) = A; + BA;'B* is strictly positive,
we can choose v = 0 and @ = 0 in Theorem 3.1, which implies kK = 0. Now
(4.10), (4.11), and (4.12) follow easily from Theorem 4.7 which in particular
implies that Ay (z) > a_. The estimates for the negative eigenvalues follow by
considering —A and swapping H; and Ho. O

From (4.11) and (4.12) it is easy to derive the following asymptotic estimates:

Corollary 4.9. Under the assumptions of Corollary 4.8 we have, for n — oo,

Ca 1 at +a-?
- al/2y 44 —0a -
An = vin((BB*)'/7) 5 " 21/177L((BB*)1/2)( 2 )
1
of— 1
+ (Z/Ln((BB*)l/2)2)a
—a 1 ay +a_\2
< w172y, @+ —a *
An S vin((BBY)Y7) + 5t 2y1,n((BB*)1/2)< 2 )
1
ol s

Remark 4.10. If, in the situation of Corollary 4.8, xy € ker B*, xy # 0, we can
improve the upper bound for the first positive eigenvalue A; of A; in this case
we obtain from (3.3) that

A1 = min max >\+<1:> < max /\+<$0> = M7
Y

BT vl Ve Yy (e
and hence A
o <A< ( 11‘0,?0)
[[zoll

A typical situation when Corollary 4.8 applies is when A; and Ay are
bounded multiplication operators and B is a regular differential operator.
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Example 4.11. Let g be a positive function on [0, 1]. Then for the operator

g —d/dzx
d/dz —g
in L2(0,1) @ L?(0, 1) with periodic boundary conditions in both components we
have vy ,((BB*)'/?) = 27n, n = 1,2,..., and hence

max g — min 1 max g + min 2 1
Ao 2o RO ming 1 (maxg fming)* g1y
2 47n 2 n2
)\n§27rn+man_ming—|— 1 (maxg+ming 2_}_0(1).
2 4mn 2 n?

Example 4.12. We consider the Dirac operator Dy on a closed Riemannian
spin manifold M with a warped product metric. These manifolds are complete
Riemannian spin manifolds and hence Dy is an essentially self-adjoint opera-
tor acting on the space of spinors 'Yy, i.e., on sections of a certain ol 45
dimensional complex vector bundle, the so-called spinor bundle ¥y¢ — M. Since
the manifold M is closed, the Dirac operator D¢ has discrete spectrum. The
kernel is not a topological but a conformal invariant and only few estimates are
known for the first positive eigenvalue. In the case of an even dimensional spin
manifold the spectrum of the corresponding Dirac operator is symmetric. For
details on Dirac operators on manifolds we refer the reader to [14] and [4].

The manifold M with its warped product metric is defined as follows. Let
(B™,g3), (F*,g) be closed Riemannian spin manifolds of dimensions m and
k, respectively. Sometimes we write B and F to shorten the notation. For
any positive C®-function f: B™ — R* we denote by M := B™ x; F* =
(B™ x F*, gp + f2g5) the warped product of B™ and F* with the product spin
structure. For the spinor bundles we have

~

Yv EmpYe @ mypXg  for m or k even,

1

S 2 (15 3s @ 15%g) © (15 5s @ m5%g)  for m and k odd,
where 7y : M — X denotes the projection, Xy the spinor bundle over X for
any manifold X and X5 and X3 the two spinor bundles given by the two repre-
sentations of the n-dimensional Clifford algebra Cl,. In the case that the spin
manifold B is of even dimension, there is a natural splitting X¢ = Z% ®X5 and
with respect to this decomposition the Dirac operator Dg has the form

_ (0 Dj
DB‘(DB 0)’

i.e., it exchanges the positive and negative spinors. An analogous representation
holds for the Dirac operator Dg on ¥ if J is even-dimensional.

The warped product structure of the manifold M allows us to write the Dirac
operator Dy as a direct sum of off-diagonal dominant block operator matrices.
To this end, we decompose the space of spinors over M along the eigenspaces
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of the Dirac operator on the fibre J. More exactly, for A € o,(Dg) let Eo — B
be the vector bundle with fibre

A
Eap = E(f(b)’ Df(b)3">,

. e . *e THEeA » .
trivialised by (W]{:/Az'l et ’f’g);"’) where (ep1,...,€ear(a)) is an orthonormal

basis of the eigenspace E(A, D), and r(A) is the multiplicity of A.
Definition 4.13. For A € (D) define

I (X3 ®E&p) =Ty (EB ® (C"(A)) if m even,
Ip (33 @ (Ex @ E_p)) =Ts(Zs @ CTW) if m odd, k even, A # 0,
Wy = Tp(Xs ® &) =T (S @ C'®) if m odd, k even, A = 0,

(z
I‘B< (B4 @&En) @ (2%d®eA))
= FB(( % CT(A))@(E%‘i@CT(A))) if m, k odd,

where Zd,B and E%d are subbundles of X5 & ig given by

¥l i= {(n(sfo))wezg}’ Zg i K—nﬁw))wezg}’

and n: Xg — ig; is the canonical isomorphism. A spinor WU € T'y¢(3yy) is called
a spinor of weight A if ¥ € Wjy.

The space of spinors decomposes as

Fyv(Enm) = @ Wy if m even, or m, k odd, (4.15)
A€o (Dy)

v (o) = @ Wy if m odd, k even. (4.16)
AGU(Dg)ﬂR

and in the same way the Dirac operator decomposes:

Proposition 4.14. For A€ o(Dg) we define the Hilbert space Hpa =31 a®Ha

by
L2(SE @ CW) e L2(8; @ C"WY))  if m even,
Ty Hp g im L} @CMN) @ L2(2g @ C"M))  if m odd, k even, A # 0,
’ ’ L?(B3 @ C™+) @ LA(Za® C™) if m odd, k even, A =0,
L2324 o CW) @ L2(2% @ C"W)  if m and k odd,
where 74 := dim ker Dgﬁ. For simplicity we write L?> and W12 for L?-spaces

and first order Sobolev spaces when the underlying space determined by Hy o or
Ho, is clear. We introduce the bounded operators

A
Aia:Hon — Hin, AaV = ?\1’1,

A
A pn:Hop — Hap, Az aVs = ?‘1’2,
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and the closed operator By from Fa p into Hq p by

D(BA) = {\112 S 9‘[27/\

D;E ® Icra)
Dy ® Igry
iDg ® Icra)

Bp =

AUPNS W1’2},

for m even,
for m odd, k even, A # 0,
for m and k odd.

Then the Dirac operator Dy on the manifold M can be written as

Dy = @ A

A€o (Dy)
with self-adjoint operators Ap in Hp given by the block operator representation

Dy ® Iers
0

0
—Dg @ Icr-
B

A a
By —Aa

with domain D(Ap) = W2 @ W2,

> for m odd, k even and A =0,
Ap =

i all other cases

The proof of this proposition is completely analogous to the proof of [9,
Theorem 6.1] and is therefore omitted.

Note that from the proposition it follows that eigenspaces of the Dirac oper-

ator on M respect the decomposition in spinors according to (4.15) and (4.16).

Definition 4.15. An eigenvalue A of Dy is called an eigenvalue of weight A if
there is an eigenspinor ¥ associated with A\ which belongs to Wj.

The eigenvalues of weight 0 do not depend on f and can be calculated
immediately. Indeed, for A = 0 we have, according to Proposition 4.14,

0 DF @ Icro
B for m even,
DB ® I(CT‘(O) 0
Dp @ Ipry 0
Ay = ( 0 Dy ® I@_) for m odd, k even,

0 iDg ® Ior

) Bl for m and k odd.

—iDg ® I(CT(O) 0

Hence, disregarding multiplicities, for m even we have o(Ag) = o(D3) and for
m odd we have o(Ag) = 0(D3) Uo(—Ds).

To get estimates for the eigenvalues of non-vanishing weight, we need the
following proposition, which follows by careful enumeration of the eigenvalues.

Proposition 4.16. Define the dimension of the kernel of Dy and the Fredholm
index of D% by

~v:=dimker Dy, §:=ind D% = dim ker D% — dimker Dy,
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and set

-6 1)
a::’y2 = dimker D, B::%:dimkeID%.
Let ¢, n = 1,2,..., be the eigenvalues of Dy counted with multiplicities and

enumerated such that the sequence (|¢,|) is non-decreasing and, if m is even,
Cy+j <0 for j odd.

Then the eigenvalues vy A, and vapn, n = 1,2,..., of (BABX)'/? and of
(B}‘\BA)l/Q, respectively, enumerated non-decreasingly, are given by
i) for m even:

ViAn :07 n= 1,...,QT(A),
ViAn = Cyi2), n=ar(A)+ (G —1r(A)+1,...,ar(A) +jr(A),
Voanm =0, n=1,...,0r(A),

(
V2 An = V1, A n+6r(A) n= ﬂT(A) + 17 57'(‘/\) + 23 ceey
ii) for m odd:
Vian = VoA = |G n=(G—Dr(A)+1,...,5r(A).

Note that for m even, disregarding multiplicities, we have the identities

{riant U{—12an} =0(Ds),

and in any case we have

{Vl,A,n} @] {_VQ’A’n} = J(Dg) @] U(—Dg).
Applying Corollary 4.8 to the operators A, we obtain the following theorem:

Theorem 4.17. Let M = B™ xffr"k be a warped product of closed spin manifolds
and denote by fuax and fuin the mazimum and minimum of f: B™ — RT,
respectively. Let vy pn andvopn, n=1,2,..., be the eigenvalues of (B/\B}“\)l/2
and of (BZBA)1/2, respectively, given according to Proposition 4.16. Then the
eigenvalues Ay n, n = £1,4£2, ..., of Dy of weight A # 0, A € o(Dy), i.e.,
the eigenvalues of Ap, can be enumerated such that - < Ay 9 <Ay -1 <0<
A1 <M< and, forn=1,2,...,

Mz =G (e )+ \/AQ
2

4
(s & \/A4

) >7M<171)7A72<1+1)2+2
A= 2 fmin fmax 4 fmin fmax V2,A,n7

My < |A2|(fn11 B fi) B \/A:(fi " fnlx)z TV

Note that if A were equal to 0 in the above estimates, upper and lower
bounds are the same and coincide with the eigenvalues of weight 0, apart from
multiplicities.

1 1\,
(Fom * 7o)+

1 12,
(Fom * o)+

and
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Corollary 4.18. For all eigenvalues of weight A # 0 we have
Al
fmax ’

If 0 € o(Dsg), then for the eigenvalue Ap min of weight A # 0 with smallest
modulus, we have

Aan| > n==+1,42,.... (4.17)

Al
fmin
Proof. The estimate (4.17) follows from the estimates in Theorem 4.17 by omit-

ting the terms V12,A,n and V22,A,n- If 0 € o(Dg), then either 1147 = 0 or
V9. A1 = 0, which implies (4.18). O

|AA,min| < (4.18)

Remark 4.19. The Dirac operator on the warped product is not only symmetric
in the case where the dimension of M is even but additionally in all cases where
the spectrum of the fibre F is symmetric. This arises from different phenomena
in the cases m odd and m even:

If m is odd, then the spectrum of fixed weight A is symmetric. More exactly,
if A is an eigenvalue of A, with eigenvector (1‘1;;)7 then —\ is an eigenvalue of
A with eigenvector (fffl) if k is even and with eigenvector (J;:;fQ) if k is odd.
Here J is the canonical isomorphism from L?(3%) to L*(X%¢), which has the
property JDg = Dy J L.

If m is even, then the spectrum of fixed weight A is not symmetric, but if the
spectrum of the fibre F is symmetric and A € o,(Dx) is an eigenvalue of Ax
with eigenvector (:ﬁ;), then —\ is an eigenvalue of A_, with eigenvector (_ié)
since —A; » = A; _a, ¢ = 1,2, and thus also —\ € o,(Dn).

From Remark 4.10 the following corollary follows immediately.

Corollary 4.20. If B is a Riemannian spin manifold with a parallel spinor ¥
(i.e., VU = 0), then for the first positive eigenvalue Ap 1 of the Dirac operator
on B x; F of weight A we have

|A| <1 < ! /mdﬁ
s f

fmax — 7 7 volB

Riemannian spin manifolds with parallel spinors have been classified in [19]
and [18]. In dimension 3, Riemannian spin manifolds admitting a parallel spinor
are flat, in dimension 4, for instance, a compact spin manifold with a nontrivial
parallel spinor is flat or a K3 surface with Yau metric [6].

Special examples are the warped products M = S' x ¢ F with a closed mani-
fold F. In this case we consider ¥g1 = S' x C and, e.g., if dimJ is odd, the
Dirac operator Dy is given by Dy = @D Ax, with

Ay — < A/f d/ das) . D(An) = W1,2(51’CT(A)) @ Wl’Z(Sl,(C’”(A)),
d/dx  —A/f

which has been considered in Example 4.11. Dirac operators on such manifolds

have been studied intensively in [8]. In this simpler case, where the basis mani-

fold is one-dimensional, ODE methods are available and so it was possible to

derive better asymptotic estimates using Floquet theory.
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